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Spaser and optical amplification conditions in gold-coated active nanoparticles.
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Due to their many potential applications, there is an increasing interest in studying hybrid systems
composed of optically active media and plasmonic metamaterials. In this work we focus on a
particular system which consists of an optically active silica core covered by a gold shell. We find
that the spaser (surface plasmon amplification by stimulated emission of radiation) conditions can
be found at the poles of the scattering cross section of the system, a result that remains valid
beyond the geometry studied. We explored a wide range of parameters that cover most of the usual
experimental conditions in terms of the geometry of the system and the wavelength of excitation.
We show that the conditions of spaser generation necessarily require full loss compensation, but the
opposite is not necessarily true. Our results, which are independent of the detailed response of the
active medium, provide the gain needed and the wavelength of the spasers that can be produced by a
particular geometry, discussing also the possibility of turning the system into optical amplifiers and
SERS (surface enhanced Raman spectroscopy) substrates with huge enhancements. We believe that
our results can find numerous applications. In particular, they can be useful for experimentalists
studying similar systems in both, tuning the experimental conditions and interpreting the results.
I. INTRODUCTION
Currently there is a great interest in the interaction of
plasmonic nanoparticles (NPs) and nanostructures with
electromagnetic fields to optimize and increase as much
as possible the magnitude of the evanescent field gen-
erated around their surfaces1. These investigations are
triggered by the plethora of applications arising from this
property in enhanced spectroscopies such as SERS2–5,
TERS6–8 (Tip Enhanced Raman Spectroscopy), able to
reach the single molecule level2,9,10, light focusing and
imaging in the subdifraction limit of light11–14 as well
as in non linear effects such as SHG15–17 (Second Har-
monic Generation), and metamaterials with novel opti-
cal properties18,19. In particular, it has been recently
demonstrated that incorporating a gain or active media
to a plasmonic nanostructure (NE) give rise to a new
set of possibilities and opportunities. In this way, the
optical behavior in such systems can considerably im-
prove the performance of plasmonic devices. Theoret-
ical studies of this phenomena could be found in dif-
ferent systems such as semi-shells20, multishells21, V-
shape arrays22, core-shell nanorods23, nanotubes and its
dimers24, nanoparticle chains25,26, dimer emitter coupled
to a metal nanoparticle27, as well in metamaterials28–31.
Also examples of experimental works on several systems
can be found such as silica-core gold-shell (the system
studied here)32, gold-core silica-shell33, gold-core sodium
silicate-shell34 , mesocapsules35, silver aggregates in gain
media36 or even metamaterials37.
On the other hand, these hybrid systems can generate
new optical phenomena, such as a spaser which are nano-
metric sources of evanescent and propagating electromag-
netic fields with a high level of wavelength tunability38.
From the theoretical point of view, the selection and
design of suitable systems where this kind of behavior is
likely to be observed constitutes a topic of paramount im-
portance. However, most of previous studies on this topic
have focused either on small systems where simple ex-
pressions can be obtained25–27,39,40, or on very demand-
ing numerical calculations where a systematic variations
of the geometry of the system is precluded20,22–24,28–31,41.
In this respect, recently Arnold et al. studied the min-
imal spaser threshold for spheroidal and spherical core-
shell NPs including retardation effects42.
In the present work we study spherical core-shell NPs
where the core is made of doped-silica, providing the ac-
tive medium, and the shell is made of gold, giving the
plasmonic material. In this geometry one can effectively
make use of the huge evanescent electromagnetic field
around the plasmonic structure, for example for sensing
purposes. The electromagnetic properties of this system
can be calculated analytically by means of the gener-
alized Mie’s theory. This allow us to perform a deep
physical analysis of the system and to relate the far and
near fields in a rigorous way. Additionally, the computa-
tion of electromagnetic properties in these structures are
very fast, allowing us to explore a wide range of possible
experimental conditions. We should mention that the
materials chosen as well as the dimensions of the core
and the shell are feasible to be fabricated by chemical
methods.43,44. For these reasons, it is our hope that the
present work could be a benchmark for experimentalist
working on this or similar systems.
II. THEORY
A. Active media
The interaction of photons with the conduction elec-
trons of a plasmonic metamaterial gives rise to optical
2losses, which for visible light can be significant. There
are two main sources of optical losses: ohmic heating
and radiative losses45,46. Several strategies have been
proposed to overcome optical losses on particular exam-
ples, but probably the most promising one is the use of
active media.
Active media, or gain materials, are made of dye
molecules, semiconductors nanocrystals, or doped di-
electrics, where there is a population inversion, cre-
ated optically or electrically, that sustains the stimulated
emission of radiation. This stimulated emission is used
to compensate the intrinsic optical losses of plasmonic
materials. Depending on how strong is this stimulated
emission of radiation compared with the optical losses,
the hybrid system can be undercompensated, fully com-
pensated or overcompensated. These conditions can be
distinguished by the value of the extinction coefficient
Qext, where Qext > 0 corresponds to undercompensa-
tion, Qext = 0 to full compensation, and Qext < 0 to
overcompensation. We adopted the term full compensa-
tion to distinguish it from Qabs = 0 which correspond to
the situation were only omhic losses are compensated.
If the system is undercompensated it just behaves as a
regular plasmonic material but with an increased inten-
sity of the electromagnetic fields around the plasmonic
structure and narrower resonances in general. When the
system is overcompensated at frequencies far from its res-
onances it behaves as an optical amplifier. For frequen-
cies close to some resonance and when losses are fully
compensated, the hybrid system behaves as the nanoplas-
monic counterpart of a laser, known as spaser38. This
behaviors can be readily understood by drawing a par-
allelism with conventional macroscopic lasers. The main
differences are that in a spaser the optical cavity is re-
placed by plasmonic resonances and the electromagnetic
fields are composed of propagating as well as evanescent
waves.
When the system is not so close to its spaser condi-
tions, its effect can be modeled phenomenologically on
the basis of classical electrodynamics without taking into
account explicitly the quantum dynamics of the ground
and excited states. This is usually done by consider-
ing the medium as a dielectric with an additional neg-
ative imaginary part added to its refractive index n0,
n = n0 + iκ (with κ ≤ 0).
21,23,39,41,47,48 This approxima-
tion may seem too simple for the proper description of
complicated systems such as active plasmonic structures.
However, as soon as the dye is diluted enough in the base
material that support the active media, the application
of an effective medium theory45 to the system results in
a real part of n almost identical to that of the base mate-
rial Re(n0) and an imaginary part given by Im(n0) + κ,
or in other words n ≈ n0 + iκ. Note that, although this
approximation seems reasonable under the appropriate
conditions, it does not strictly fulfill the Kramers-Kronig
relation for the active media.45 Thus, our calculations
should be taken in general as approximate results, useful
to guide future experiments and calculations on this is-
sue. However, when the resonances of the active medium
and the spaser are close enough our results should be
exact, assuming a model for the gain media as in ref.20.
In this work we are only taking into account the effect
of the active media at precisely the frequency of exci-
tation λexc and neglecting the effect of the real part of
the refractive index of the active media. This is equiv-
alent to consider an active media with Lorentzian wave-
length dependence at resonance with λexc and with a
FWHM (full width at half maximum) small enough that
the spaser condition is not reached at a different λ. The
situation is analogous to use κ(λ) = κδ(λexc − λ) where
λexc is the wavelength of excitation and δ is the Kro-
necker delta function. Note that this is the opposite of
the usual approximation of considering κ in a wide band
limit κ(λ) = κ21,23,39,41,47,48. We will retake this issue
later on, but we will see that, thanks to the superposi-
tion principle of linear electrodynamics, our results can
be readily reinterpreted within the context of the wide
band approximation or even considering more compli-
cated wavelength dependences of κ.
There are of course some issues related to not tak-
ing into account the dynamic of the population inversion
of the active media38. A consequence of that appears
when the system approaches the spaser condition. This
results in singularities in the electromagnetic fields as
well as in the extinction, aborption and scattering cross
sections.42,49 This fact is indeed used as a simple numer-
ical way of finding the spaser condition. The behavior of
the system very close to the spaser condition, i.e. true
intensity of the electromagnetic fields and cross sections,
is beyond the scope of the present work.
B. Singularities in Mie’s theory
According to Mie theory, the electric field Es(~r) outside
a core-shell nanoparticle (CSNP) illuminated by a plane
wave is given by45:
Es(~r) =
∞∑
n=1
En[ianN
(3)
e1n(~r)− bnM
(3)
o1n(~r)], (1)
where the coefficients an and bn are obtained by conti-
nuity conditions, the vectorial functions Mo1m and Ne1n
are the well known vector spherical harmonics of order n,
and the the En = i
nE0(2n+1)/n(n+1) functions are the
projections of the plane wave in the n-th harmonic. The
coefficients an and bn depend on the relative refraction
indexes of the core, m1, and the shell, m2 (equations 2),
but also on the core radius (r), shell thickness (D), and
on the wavenumber k. Close expressions for them can
be found in ref.45. No surface damping corrections were
performed because they are not significant for achieving
a good spectral correlation with experiments as shown
in ref.50 for example. The relative refractive indexes are
given by:
m1(λ) =
ncore+iκcore
nmed
m2(λ) =
nshell+iκshell
nmed
(2)
3They depend on the core (ncore , κcore) the shell ( nshell
and κshell), and the non absorbing media (nmedia) com-
plex refractive indexes as well as the incident wavelength
(λ) As the refractive indexes are assumed to be only a
function of λ, they are unambiguously specified by the il-
lumination wavelength λ. The active media is given by a
doped silica. We will assume that its real part is the same
than in the pure bulk material, unchanged by the pres-
ence of the dopant, and only its imaginary part (κcore)
change with the gain strength. Therefore, once we set
which materials are the core and shell of the NE, there
are only four independent variables (r, D, λ and κcore)
to be evaluated, to systematically investigate gain effects
at different geometries and illumination conditions. For
simplicity in the following we will refer to κcore as just κ.
1. Poles of Qsca and Γ(~r)
For a given core shell nanostructure, its complex field
(eq 1) at each point of the space ~r, and the correspond-
ing scattering cross section (eq 3 below) are described
in terms of the same set of coefficients, an and bn. We
are interested in the magnitude of the near electric field
enhancement, |Γ(~r)|
2
= |Es(~r)/E0|
2
, but as will become
clear soon there is a direct correspondence between Csca
and |Γ|2(~r), as both quantities depends on the the square
modulus of an and bn.
Csca =
2π
k2
∞∑
n=1
(2n+ 1)(|an|
2 + |bn|
2) (3)
Even though we are not giving the expressions for ratio-
nal functions an and bn it is enough to mention that for
a given set of values of the independent variables (r, D,
λ and κ), there is a condition under which the expression
in the denominators of an and bn vanishes totally (real
and imaginary parts). This condition leads to a diver-
gency, or a pole, of Csca as well as Γ(~r). As we approach
a divergency, one of the multipoles dominates the expan-
sions in eqs. 3 and 1, therefore the electric field Es and
the scattering cross section (Csca) can be approximated
by:
Es(~r) ≃ i
n+1E0an
2n+ 1
n(n+ 1)
N
(3)
e1n(~r), (4)
and
Csca = π(r +D)
2Qsca ≃
2π
k2
(2n+ 1)|an|
2
=
λ2
2πn2med
(2n+ 1)|an|
2, (5)
where Qsca is the scattering efficiency (the ratio between
Csca and the geometric area of the nanostructure). Tak-
ing the square modulus of eq 4, and considering eq 5,
one can readily obtain an analytical expression for the
squared field enhancement, Γ2(~r), at each point outside
the NE,
|Γ(~r)|2 ≃
π2(rcore +D)
2
λ2n2med
(4n+ 2)
(n(n+ 1))2
×Qsca
∣∣∣N (3)e1n(~r)
∣∣∣2 (6)
This result is general and valid for any system of concen-
tric spheres in the surroundings of their poles or singular-
ities. For nonspherical nanoparticle one can still expand
the fields in eigenmodes and obtain equations equivalent
to eqs. 1, 3 and 6. In this case, eq. 6 will have a different
prefactors multiplying Qsca and different eigenfunctions.
However, the connection among |Γ|2 and Qsca will still
be valid close to a pole.
Eq. 6 indicates that finding the poles of the scattering
efficiency is equivalent to search for the poles of the field
enhancement. This has the advantage that one does not
need to care about the specific regions in space outside
the CSNP where the enhancement occurs.
The physical origin of these divergences are interpreted
as the spaser conditions, which implies full loss compen-
sation at a resonant frequency. In the next section we
will see that singularities are always located at the full
loss compensation condition.
2. Poles of Qext and Qabs
Now, let us consider the expressions for Cext and Cabs:
Cext =
2π
k2
∞∑
n=1
(2n+ 1)Re[an + bn] (7)
Cabs = Cext − Csca
=
2π
k2
∞∑
n=1
(2n+ 1)(Re[an + bn]− |an|
2 − |bn|
2) (8)
As it has been shown for Csca, there are sets of values
of rcore, D, λ and κ that make zero or almost zero the
denominator of a particular term an (or bn) which then
dominates the summation. Taking this approach we can
write this dominant coefficient as the ratio of two com-
plex functions f = f ′ + if ′′ and g = g′ + ig′′, where we
denote the real and imaginary parts as f ′, g′ and f ′′, g′′
respectively, i.e. an = fan ÷ gan (or bn = fbn ÷ gbn).
Then eqs. 7 and 8 can be rewritten as:
Cext ≃
2π
k2
(2n+ 1)
f ′g′ + f ′′g′′
|g|2
(9)
Cabs ≃
2π
k2
(2n+1)
(
f ′g′ + f ′′g′′
|g|2
− |an|
2
)
(10)
Eq. 9 presents a divergence in the limit when g van-
ishes and therefore the absolute value of Cext goes to
4infinity, although its sign changes at this point. For
a fixed geometry at resonant wavelength, the change
of sign of Cext can be readily understood if we ex-
pand the function g around κpole, where g(κpole) = 0,
g(κ) ≈ dg
dκ
∣∣∣
κpole
(κ − κpole). Then, the change of sign of
g, and thus of Cext, requires only a nonzero dg/dκ which
is our case. This feature is interesting because a change
of sign of Cext matches the full loss compensation condi-
tion. This implies that, similarly to that found in ref.51,
the conditions of spaser generation necessarily requires
full loss compensation in our system, even beyond the
quasi-static limit.
Cext is the total power deflected from the incident
plane wave by scattering and absorption, thus its nega-
tive value implies an overall energy release outside the
particle. We call this an optical amplifier due to its
potential applications for information transport at the
nanoscale. The value of κ at which this occurs will be
called κflc, where flc stands for full loss compensation.
As discussed above, poles should always fall over the κflc
curves, but due to the discreteness of the pole’s condi-
tions in finite systems, full loss compensation not nec-
essarily implies a pole. In the case of periodic infinite
systems, where discrete resonances turn into bands, it
is still possible to have full loss compensation without
reaching the spaser condition, outside the bands.
Around a pole, the last term of eq 10 (which comes
from Csca) dominates. As a consequence, Cabs ≈ −Csca.
Then the singularity of |Γ|2 can be found either as a
positive singularity of Csca or a negative singularity of
Cabs. The other alternative, using Cext, is also possible
but cumbersome to apply in practice due to the change
of sign.
III. RESULTS AND DISCUSSION
A. System studied
The system studied (shown in fig. 1) consists of a
core and shell of radius r and thickness D respectively,
where the core is made of silica and contains the ap-
propriate dopant while the shell is made of gold. This
system was chosen mainly by its experimental feasibility
and the possibility to control precisely the core and shell
geometries52–54.
The real part of the refractive index of the silica
core, n0, was taken from ref.
55. As in many previous
works,21,41,47,48, its gain character is emulated by adding
a negative imaginary part to n0, n = n0+iκ, where κ ≤ 0.
The complex refractive index of gold is given by a cubic
interpolation of the experimental data of ref.56 The par-
ticle was assumed to be immersed in an aqueous medium
with a refractive index of 1.33. Qsca, Qext and Qabs, were
calculated by using standard Mie theory. The values of
κ that make Qext = 0, i.e full loss compensation condi-
tion, will be denoted as κflc, while the values of κ that
FIG. 1. System studied.
make Qabs = 0, ohmic loss compensation condition, will
be denoted as κolc. As mentioned , in our calculation we
are only considering the effect of κ at the wavelength of
excitation, which is equivalent to consider κ(λ) = 0 for
λs different from the wavelength of observation and/or
excitation.
B. General behavior
In order to understand the problem of finding and de-
scribing the conditions under which singularities are en-
countered, we will start with a representative fixed ge-
ometry. For no special reason, we selected rcore = 75nm
and D = 5nm for this purpose. For this geometry we
performed a systematic study of the variation of Qsca,
Qext, and Qabs in the space generated by the remaining
variables, λ and κ. The values of Qsca obtained as a func-
tion of κ and λ are displayed, in logarithmic scale, in the
the 3D plot shown in fig. 2 a). There, the poles discussed
in section II B can be clearly seen. For the sake of a more
comprehensive analysis, fig. 2 also depicts a contour plot
of this 3D figure, in panel b). In this panel, the green
and orange continuous lines represent the values of κ in
which Qext and Qabs present a change on their signs,
κflc and κolc respectively. Similarly to that found by
Stockman in ref.51 in the quasi-static limit, here we can
see that the spaser condition, given by the divergences of
Qsca, implies always the full loss compensation condition.
Note that the opposite is not necessarily true, due to the
discreteness of the resonances. Three poles or singular-
ities are easily distinguished in this figure, they are lo-
cated at: (λ = 1085.9nm, κ = −0.5450) ; (λ = 835.6nm,
κ = −0.1258) and (λ = 724, 5nm, κ = −0.0923). Panels
c) and d) of figure 2 show Qext and Qabs projected for
the same range of λ and κ. In these panels also the con-
tinuous and dotted red lines correspond to κflc and κolc
respectively.
The orange and green lines define three distinctive re-
gions corresponding to three different regimes of energy
losses. For small κ, between the bottom axis and the or-
ange line, the values of Qext, Qabs are both positive indi-
cating that the radiative and dissipative energy losses are
not compensated. For intermediate values of κ, between
the orange line and the green line, Qabs is negative while
5FIG. 2. Scattering cross sections of a gold-coated active NP of r = 75nm and D = 5nm. a) 3D-plot of Qsca vs κ and λ. b)
Contour plot of the left figure. c) contour plot of Qext vs κ and λ. d) contour plot of Qabs vs κ and λ. The color scale is
logarithmic except panels c) and d) between -1 and 1, where it is linear. Green continuous line marks κflc, where “flc” stands
for full loss compensation condition. Orange line marks κolc, where “olc” stands for Ohmic loss compensation condition. Gray
lines marks the contours of the positive and negative powers of ten starting from 10−1.
Qext is still positive (figs 2 c) and d)). This implies that
the gain media is able to compensate dissipative losses
but not radiative ones. Under these conditions, more
radiation is going out of the system than the incident
one. However the system still looks under-compensated.
The intensity of the forward radiation is lower than the
incident one. For large values of κ, beyond the continu-
ous green line, Qext is negative indicating that the active
medium is able to fully compensate both radiative and
dissipative losses. There, the system is in principle able
to amplify the incoming radiation producing an outgoing
wave of the same or more intensity than the incoming
one. This region must be taken with caution because if
this occurs at the wavelength of resonance (λ = λpole),
the system will start to increase its energy with time. In
the present formalism, as we are not taking into account
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FIG. 3. Electric field enhancement in the xz plane, Γ2(x, 0, z), for a core-shell NP with r = 75nm and D = 5nm at three
different λ and κ (near the three poles encountered). Γ2 is shown in arbitrary scale. The orange and blue arrows represents
the directions of propagation ~k and polarization ~p respectively. a) λ = 1085.9nm and κ = −0.5450. b) λ = 835.6nm and
κ = −0.1258.c) λ = 724.5nm and κ = −0.0923
the dynamic of the excited and ground states of the dye
molecules or the dopants, this will cause the divergence
of the electromagnetic fields that allows us to identify the
spaser condition.
Fig. 3 shows the near field at conditions very close
to the first three poles shown on fig 2. For each pole,
the near field enhancement was calculated with the BH-
FIELD program57. We performed a exploration of the
xz plane through the middle of the nanoparticle with
polarization and propagation along the x and z axis re-
spectively within a square of side 400 nm with 2 nm wide
grid. The first pole, which corresponds to the highest λ,
clearly can be assigned to a dipole mode while the sec-
ond one corresponds to a quadrupole and the third to an
octupole.
Finally we want to mention that, as fig. 2 shows, the
poles are always blue shifted with respect to the maxi-
mum at κ = 0. It is important to consider this point
when studying plasmonic active systems, as one could
make the mistake of trying to find the lasing condition
at the wavelength of the maximum at κ = 0. The blue
shift of the poles as κ increases, is expected recalling the
behavior of damped harmonic oscillators. There, intro-
ducing energy losses give rise to a red shift of the resonant
frequencies, along with a spectral broadening and a de-
crease of the peak intensities. Consequently, increasing
the gain, which decreasing the damping, should produce
a blue shift of the peaks together with a narrowing of
their width and an increment of their height.
C. Effect of the wavelength dependence of the gain
Up to this point, our treatment has neglected the wave-
length dependence of active media, which in our case was
equivalent to consider κ(λ) as a Kronecker delta function
at the wavelength of excitation. This allowed us to keep
our analysis independent of the particularities of the ac-
tive medium and to focus only on its general effects. How-
ever, the problem of adding a λ dependence of κ can be
readily treated. Essentially, due to the principle of super-
position, the behavior of systems with frequency depen-
dent gains can be obtained by the appropriate weighting
of our results. Fig. 4 shows two examples of wavelength
dependences of κ. Left panels (a, c, and e) assume the
dye is rodhamine B while right panels (b, d, and f) as-
sume a flat dependence, or a wide band approximation.
The values of Qext and Qsca at each frequency were calcu-
lated using the values of κ(λ) shown in the top panels (a
and b). Two things are interesting to note in the figure.
First, the wide band approximation should be used with
care when two poles are not close enough. As shown in
the example, blindly using this approximation can lead to
wrong estimations of the observed κpole and λpole. Sec-
ond, the non flat dependence of κ on λ is what enables
the system to go from a regular plasmonic structure to
a spaser by passing first through an optical amplifier be-
havior. A gradual increase of the gain strength without a
λ dependence will preclude the observation of the optical
amplifier behavior.
D. Effect of the geometry of the system
In this section we discuss the dependence of the posi-
tions of the different poles with the geometric parame-
ters that describe the morphology of the system: r and
D. This analysis may result specially useful for exper-
imentalists, as it gives the conditions that will produce
active-nanoplasmonics systems with lasing activity in a
desired wavelength.
In order to find the poles for a given geometry, we first
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FIG. 4. Top panels (a and b) show the wavelength dependence
of κ for different strengths of the active medium, in increasing
order κ/κpole = 0.0, 0.5, 0.7, 0.9, 0.98, and 0.99. Left panels
(a, c, and e) used a realistic wavelength dependence assum-
ing the dye is rhodamine B, whose emission spectrum was
taken form ref.58. Right panels (b, d, and f) assume a wide
band approximation. Full loss compensation, Qext(λ, κ) = 0,
is indicated by a green continuous line while the spaser con-
ditions (λpole, κpole) are indicated by black circles. Middle (c
and d) and bottom (e and f) panels show the extinction and
scattering coefficients respectively calculated with the values
of κ(λ) shown in the top panels. The direction of the arrows
indicate increasingly higher values of κ. We used r = 65nm
and D = 12nm.
made numerical calculations of Qsca as a function of λ
and κ, similarly to section III B. All local maximum in
Qsca were recorded. In order to distinguish true diver-
gences from simple maxima, we performed a simplex59
optimization starting from each maximum, using Q−1sca
as the cost function and a quadratic interpolation of the
value of the shell refractive index. We repeat this proce-
dure varying systematically r and D. The parameter r
was varied from 50nm to 150nm at steps of 5nm and the
parameter D was changed from 5nm to 30nm at steps of
1nm. The intervals in λ and |κ| taken were 350-1500nm
and 0-3 respectively
Close to a pole, two conditions should be fulfilled.
First, the contribution of the dominant mode to Qsca
should approach 1, and second the value of Qsca should
go to infinity. We considered that a set of values κpole
and λpole corresponds to a true pole when Qsca > 10
4
and the contribution of the dominant mode to Qsca was
higher than 0.999999. Some representative examples of
κpole and λpole versus D (for fixed r) are shown in fig.
5. The complete calculations are provided as supporting
information (SI).
We should mention, that the methodology described
above should be equivalent to directly finding the zeros
of the denominators of the an coefficients as in ref.
47,48.
However, this last method requires the knowledge of the
analytical expressions for an. Our proposal, instead,
could be readily adapted to almost any currently used
method for the numerical calculation of scattering cross
sections. Therefore, it can be applied to NPs of arbitrary
shape.
Fig. 5 shows the typical behavior of varying D for
small, medium and large cores (r = 50, 80, 140nm). In
the top panels (a, b, and c) it can be observed the lasing
conditions in terms of λ and κ separately. The bottom
panels (d, e, and f) summarize the information sown in
the above panels (a, b, and c) by showing the values D
as a function of both κ and λ. The value of D is encoded
as a color index and the mode that produce the lasing
can be distinguished as different dot types. The domi-
nant mode indicated in the figures was labeled with the
name of the coefficients of eq. 1. Note that several poles
can correspond to the same an coefficient. This occurs
just because a pole is a zero in the denominator of the
coefficients of eq. 1 and this condition can in principle be
fulfilled for several pairs of values of λ and κ, depending
on the dielectric constant of the materials involved. All
this poles will share the same electromagnetic field profile
outside the NP, as shown in eq. 6, but will differ in the
distribution of the electromagnetic field inside the NP.
The inner fields are not relevant for sensing applications
and generally not accessible experimentally. Therefore,
for the purposes of the present work we will skip the dis-
cussion regarding this issue.
For small cores the systems behave as shown in the
left column of fig. 5. Typically two branches of the same
mode and opposite λ (or κ) dependence on D are ob-
served. These branches are denoted as “first” and “sec-
ond” in this figure. Note that there is a critical value for
which the poles collapse into exceptional points.60 This
phenomenon has been previously reported in other active
plasmonic systems.39 In the lower panel of the left column
of fig. 5, one can notice that, for both branches, |κpole|
decreases as λpole increases. This behavior is in agree-
ment with ref.48 and it is consistent with the dependence
of the intrinsic losses of the materials with λ, larger λs
correspond to smaller losses. For small cores, this effect
always overcome the increase in the total amount of ab-
sorbing material with D. This can be clearly seen in the
case of the second branches, where increasing D gives
anyway a smaller |κpole| (see panel d).
For intermediate cores, central column of fig. 5, modes
of higher order appear but they follow the same λ vs
D (or κ vs D) trend discussed above. The difference is
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FIG. 5. Poles positions of gold-coated active NPs of three different radius (in columns). The first row shows the dependence
of λ coordinate of the pole with the geometrical parameter D. The second row shows the dependence of κ coordinate of the
pole with D. The third row summarizes the two previous dependences on κ and λ in a single plot. All graphics share the same
color key and the same symbols, which depend on D and the mode respectively.
the appearance of a third pole corresponding also to a
a1 mode, labeled in fig. 5 as “third”. As mentioned, the
number of poles result from equating the denominator
of the an coefficients to zero which can gives more than
two solutions. The appearance of a third pole has been
recently reported, even for small particles in the quasi-
static limit42. Probably only due to numbers, we did not
find this third solution for particles with small cores in
the range of parameters studied. Notice that this extra
mode does not follow the trend described for the first
and second branches, that is, increasing λpole is not cor-
related with smaller |κpole|. Lets recall that poles labeled
with the same an index should present the same electro-
magnetic field profile outside the NP. Then, at a given
radius and shell thickness, the radiative losses must be
the same for all poles corresponding to the same order.
Their different κpole values must arise form differences in
the ohmic losses, which we are not able to explain sys-
tematically for the third pole. Note that this pole not
always follows the same κpole vs λpole trend, see panels e
and f. For larger cores (c and f panels) the main differ-
ence is the appearance of additional higher order modes
as expected. In general as r increases, and for the same
multipolar order, there is a shift of the poles to smaller
D values. For a given multipole, this is accompanied by
a red shift of λpole with r.
IV. CONCLUSIONS
We have thoroughly studied the wavelength and gain
dependence of the response of core-shell nanospheres
made of silica and gold, and where the silica core acts as
an optically active medium. The system studied is feasi-
ble experimentally and has the advantage that hot spots
around the plasmonic structure are in principle physically
accessible for sensing purposes. We have demonstrated
analytically that for CSNP with gain, the magnitude of
the field enhancement is proportional to the scattering
cross section. We have used this result to find the spaser
9conditions directly from the poles of the scattering cross
sections. As discussed in section II B, this method can
also be applied to NPs of other shapes. We have found
that the spaser conditions always fall on the curves given
by κflc vs λ, where κflc stands for the value of κ at which
full loss compensation condition is reached. The curves
of κflc vs λ also determine the condition for optical am-
plification which can be troublesome for this last appli-
cation. However, due to the discreteness of the spaser
conditions, it is possible to tune the system to act as an
spaser or as an optical amplifier, provided the frequency
response of the active medium is narrow enough. We
report the different spasing conditions for each multipo-
lar mode, available for the set of geometrical parameters
that define the morphology of the system. Our system-
atic study have covered a wide range of possible experi-
mental conditions, which can result especially useful for
experimentalists working on similar systems. We believe
our results will be useful for many applications, includ-
ing optical amplification, but especially for sensing as it
is known that the near fields produced by spasers are
huge, even higher than those of normal metallic NPs.
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